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ABSTRACT

In this paper, we compare the modification of Hesiational iteration method (MVIM), and He's hompy
perturbation method (HPM), in order to obtain thgpraximate solution of nonlinear fractional integfidferential
equations of Volterraand Fredholmintegro-differahgquations, we presentsome examples to find cedracy of the

methods.
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INTRODUCTION

The fractional integro-differential equations isgecial kind of equations collecting integro-diéfetial equations
and calculus,([17],[18]). In recent years, thers baen a growing mathematical formulations of paisphenomena,
such as nonlinear fractional analysis and theidiegjons in the theory of Engineering, Mechani$ysics, Chemical

kinetics, Astronomy, Biology Economics, potentidledry and Electrostatics contain integro-differ@ntequations,

([3].[6],[15],[16]).

The variational iteration method was first propobgde, ([1],[2],[13]), and was been worked out oaenumber
of years by many authors. This method has beenrshowffectively, easily and accurately solve géaclass of nonlinear
problems.In this paper our propose the reliableifivadion of He's VIM (MVIM), that was introducedybGharbani, [1],
for solving the nonlinear fractional integro-diféettial equations by constructing an initial triah€tion without unknown
parameters so that one iteration leads to exastignl The other propose of this paper we study idetturbation method,
[7], for approximating the solution of nonlineaadtional integro-differential equations.Wewell cioles fractional order

integro-differential equations of the form:

D(x) = g(x) + A J; k(x, )F(y(D))dt (1.1)
and

D(x) = g(x) + A J; k(x, DF(y(D)dt (1.2)

for x; t €[0; 1], Ais a numerical parameter, where the function g{{3; t) are known and y(x) is the unknown
function, D%is Caputo's fractional derivative ands a parameter describing the order of thefractiataivative and

F(y(v) = f(y(©)9, g >1,is a nonlinear continuous function.
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BASIC DEFINITIONS

In this section we present some basic definitiaors@operties of the fractional calculus theoryjolhare used in
this paper, ([5],[9],[14]).

Definition: 2.1

A real function y(x),x >0, is said to be in the ep&,, UeR, if there exists a real numberp >u, suchyhgt=

xPy; (x), where y1(xeC[0; 1). ClearlyC,<Cg if B<p
Definition: 2.2

A function y(x), x >0, is said to be in the spéfe, mm € Nu {0}, if y™ e C,
Definition: 2.3

The left sided Riemann-Liouville fractional inteboperaton > 0, of a function€ C, , p>-1, is defined as:

1%y (x) = %f;(x - )% ly(bdt, a>0,x>0 (2.1)
I%y(x) = y(x), (1° = I idendity operator ) (2.2)
Definition: 2.4

Lety € C™, m € N U {0}, then the Caputo's fractional derivative of y(xjl&finition as:

Jrty™(x), m—-1<mmEeN
={ pm 2.3
yx) {Dn,fg)' a=m (2.3)

Hence, we have the following properties:
Iy()I1%(x) = I**Py(x),foralla,B > 0,y € C,,p > 0

agy T+ _yq
ry+i-o)

forx>0, a=0, y>-1

1“DUy(x) = y(0) — Sy (05, x>0,

And Caputo fractional differentiation is a linegrevation, similar to inter order differentiation.
D*[Ay(x) + pgx)] = AD%y(x) + u D%g(x),where. and p are constants.

Numerical solution of nonlinear Volterra and Hrebin fractional integro-differential equations

In this section the Modified of He's Variationagriation Method and He's Homotopy Perturbationmethied

applied for solving nonlinear fractional integrdfdrential equations
The Modified of He's Variational iteration Method

In the first we will propose the reliable modifiat of the (VIM),[1], for solving nonlinear fractial
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Integro- differential equations withe initial cotidns by constructing an initial trial-function Wwidut unknown

parameters. Here, we consider the following frawldunctional equation,

y(x) = Ry(x) + Ny(x) = g(x), 3.1

wherd., = D*, R is a linear differential operator, N represehts nonlinear terms, and g is the sourceterm. By

using (2.6) applying the inver$g? to both sides of (3.1) we obtain:

y() = f(x) — Ly [Ry() — L' [Ny(®)], (3.2)

where Ly = 1%, andL;[g(x)] = f(x).Can be applied in the above equations (1.1) ar®) @éhd using the basic

character ofHe' s method is construction of a aioe fractional for (3.1) which reads,

Yar1 (%) = ya () + [5 A® [Lyn (1) + R¥y(®) + Ny (D) — g(D]dt, (33)
and
Var1 () = Yo () + f3 A®[Lyn (D) + Ry (D) + Ny (©) — g(®)]dt, 34

where.Can be applied in the above equations (1.1) ar®) @nd using the basic character of He s method is
construction of a correction fractional for (3.1hish reads,approximate solution of (1.1) or (1.&)d y,denotes a
restricted Variationdy, = 0, to solve equations (3.3) and (3.4) use a Lagrangltiplier resulting from the integration by
parts. Then the successive approximatipy(), n = 0of the solution y(x) can obtain by using a Lagrangdtiplier and

by using any selective functigg(x), ([10],[11],[12]). The exact solution may be olotéiy using,
limy, () = y(x) (35)

As a result, we have the following Variational &gon formula for (3.2),

{ yo(X)is an arbitrary initial guess,

Va1 () = £(x) — Ly [Ryn (0] — Ly [Ny ()] (3:6)

The MVIM, that was introduced by Ghorbai et 1], can be established based on the assumptian th
thefunction f(x) of the iterative relation (3.6)rche divided into two parts, naméJyx) andf; (x), then we set,
f(x) = fo(x) + f1(x) (3.7)

According to the assumption (3.7) and by the refethip (3.6), we construct the following Variatibitaration

formula,

Yo(X) = fo(x),
y1 (%) = f(x) — Ly [Rfp ()] — LN (x)], (3.8)
Ya+1(X) = F(x) — Ly [Ry, ()] — Ly [y, ()]

He's Homotopy perturbation method
The basic consider of homotopy perturbation meitiostrated by consider the following nonlinear

functional equation,([4],[8]).
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A(w) =y(x), (3.9)

with the following boundary condition{,U,Z—D =0,x €T, where A is a general functional operator, U is a

boundary operator, y(x) is a known analytic fungti@andI' is the boundary of domaifi , the operator A can be

decomposed into two parts L and N, where L is liregal N is a nonlinear operator, equation (3.9)lmarewritten as the
following:

LU +NU) -yx) =0 (3.10)
We construct a homotopyx, p): Q x [0,1] — R, which satisfies:

H(V,p) = (1 — p)[L(V) — L(Ug)] + p[A(V) —y(x)] =0 (3.11)
Wherep € [0,1],x € Q,

or

H(V,p) = L(V) — L(Up) + pL(Up) + p[N(V) —y(x)] = (3.12)

wheregyyis an initial approximation for the solution of edion (3.9). In this method, we use the homotopy
parameter p to expand:

V=V, +pVy +p*Vy+ - . (3.13)
The approximate will be obtained by taking the tias p tends to 1,
U= limp_)1v = V() + V1 + Vz + - (314’)

To illustrate for equations (1.1) or (1.2) subsiitg (3.11) into (1.1) or (1.2) we obtain:

D%y;(x) = p(g;i(x) + A [, k(x, OF(y(t)db), (3.15)
or
1
Doy, (x) = p(gi(x) + A f k(x DF(y(t)dt), (3.16)
0

We expand the solution of equations (1.1) or (lh2he following form:
Yi®) = ZZo PYi(0) = Yo(X) + py1 (X) + pPya () + . (3.17)

Substituting (3.17) into (3.15) or (3.16) and calieg the terms with the same powers ofp, we obasieries of
equations of the form:

p%: D%y, (x) = 0,
p: D%y (%) = g(x) + A fy K(x, DF(y(1)dt,
p: D%y, (x) = g(x) + A [ k(x, OF(y(1))dt,

or
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p%: D%, (x) = 0,
pl:D%;(x) = g(x) + Afol k(x, t)F(y(t))dt,

p%: D, (%) = g(x) + A [ k(x, OF(y(D)dt,

that these equations can be easily solved by applyie operatof“the inverse of the operat®* according to
equation (2.6), that is by setting p = 1, in equai(3.15) or (3.16) we can entirely determineirsgtp = 1, in equations
(3.15) or (3.16) we can entirely determine the (HREries solutions,([4],[8]).

yx) = ZiZoyi(%). (3.18)
NUMEICAL EXAMPLES

In this section we present some numerical example®nlinear fractional integro-differential equats by the

modification of He's Variational iteration methoaddaHe's Homotopy perturbation method.

Example 4.1

Consider the following nonlinear fractional integtidferential equation:
D%y (x) = g(x) + [ (x — D2 [y(D]* dt, (4.1)

% zfz) - %xs with the initial condition y(0) = 0, and exactistion y(0)=/x
X5 \5

Whereg(x) =

The solution according to (MVIM)

0.9 _1Vym 16 2 Xeo N2 3
D Y(X)_Zxér(é) X+ G- y®] dt, (4.1)

We take the operatl?r‘w, on both sides of equation (4.1) we obtain:
_ _ym-1 000 X 4 1Y YT 16 2 x. o 3
yx) =y(0) - XLy (07) o + 1710 x5 + [yx— Oy dt) (4.2)

2.2
) 315

According to the original VIM (3.3) and correspomglithe recursive scheme (3.6), we obtain:

9 1 Vm 16 2
f(x) = fo(x) + f;(x) =1 /10 (EX?%‘E’“)' (4.3)
f(x) = VX — 0.01103948449x" /s, (4.4)
by assuming
f(x) = VX, f,;(x) = —0.01103948449x" /s, (4.5)

with starting of the initial approximatioy(x) = f,(x) = v, we obtain:
Yo (%) = vx (4.6)

y1(%) = VX — 0.01103948449x" /5 + L1, (4.7)
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y1(X) = VX — 0.01103948449x" /5+1”/10([X(x — ©2[y(D)]? dt)
yi(x) = Vx.

Var1(X) = VX — 0.01103948449x" /5 + L; [y, (x)] = VX, n > 1

(4.8)

¢.9

in similarly view equation (4.7) it is obtaingt) = vx, where it is the exact solution of equation (4.1)

The solution according to (HPM)

0.9 _1 Ve 16 2 ox. 9 3
D Y(X)_Zxér(é) 315x5+f0(x D [y(®]° dt,

According to (3.16) we construct the following hcoyay:
D”10y(x) = p(g() + [ (x — D2[y(D]® dt),

substituting (3.13) into (4.9) we obtain:

p°: D10y, (x) = 0,

pLi D710y, (x) = () + [y (x — D2 [yo(HPcl
p2: D10y, (x) = [X(x — ©*[3(¥o(1)) 2y, (D]dt,

p*: D10y, (x) = Jo = ©7[3(¥0 ()22 (1) + 3yo (1) (1 (1))?]dt,
p*: D10y, (x) = [5/(x = 2 [3(¥0(9))? y5(O) + 630 (V) + y1 (O + (y3(1)*]dt,
by applying the operatdrgéloto the above sets we obtain:

Yo(x) =0

y1(X) = VX — 0.01103948449x" /s

y2(x) =0, y3(x)=0,...

yX) = XiLo Vi) = yo(X) + y1(X) + y,(x) + -

Therefore the approximate solution of (4.1),

y(x) = VX — 0.01103948449x" /5.

Table 1, Figure 1 and 2 shown the numerical refidkample 4.1 .

(4.1)

(4.10)
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Figure 2: Approximate Solution of Example 4.1
Table 1: Indicate The Amount of Error in Example 4:1
0.1 0.3162277660 0:3162277221 4.39x10°8
0.2 0.4472135955 0:4472117398 0:0000018557
0.3 0.5477225575 0:5477059844 0:0000165731
0.4 0.6324555320 0:6323771759 0:0000783561
0.5 0.7071067812 0:7068453323 0:0002614489
0.6 0.7745966692 0:7738968827 0:0006997865
0.7 0.8366600265 0:8350513148 0:0016087117
0.8 0.8944271910 0:8911186637 0:0033085213
0.9 0.9486832981 0:9424336100 0:0062496881
1 1.0 0:9889605155 0:0110394845
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Example 4.2

Consider the following nonlinear fractional integtidferential equation:

1 xs/
D3y() =31z —F x 41/ xA - DO de (4.10)
3

we take the operatcb%/ 3on both sides of equation (4.10) we obtain:

Xk Xs/
y( =y(0) - Tty ® (01) 5 + 11/3(3?5 —2x+1 [y x(1 - Dy®]*dy), (411)

According to the original VIM (3.3) and correspomglithe recursive scheme (3.6) we obtain:

5/,
£(x) = fo(x) + f,(x) = 1+ 173 (3¥ - x>, (4.12)
sr(z) 3
f(x) = 1 + x% — 0.1469798559x /3, (4.13)
by assuming,

fo) =1+x%  f;(x) = —0.1469798559x /3,
with starting the initial approximatio, (x) = f,(x) = 1 + x?,we obtain:

Yo(x) = 1 +x2,

y,(X) = 1 +x2 — 0.1469798559x /3 + L;1[f,(%)],

y1(0) = 1+ x* — 0.1469798559x /3 + 1'/3(f x(1 — ©)[y(t)]dt,

yi(x) =1 +x2

Vor1(X) = 1+ x% — 0.1469798559x /3 + L1 [y,()] = 1 +x%n > 1 (4.14)
in similarly view equation (4.14) it is obtaingdx) = 1 + x? , where it is the exact solution of (4.10).

The solution according to (HPM)

1 %/ 1
D /3y(x) = g’;(—z) — 2 x+ [y x(1 - D[y(®]*dt, (4.10)
3

According to (3.16) we construct the following hcyay:

D'/3y(x) = p(g(x) + f, x(1 - Hy(®)]*dv). (4.15)
Substituting (3.13) into (4.14),

p%: D /3y,(x) = 0

p':D sy, () = g0 + 3y X(1 ~ Dlyo(V)]*dt
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P2 D 3yo(x) =2 [ x(1 — O[2yo (Dy; (D]dt,

p*:D /3y, (%) =1 [} x(1 - D[2y, (D2 (1) + (y1()?]dt,

p*:D3y,(x) = X [ x(1 - D2y, (Dys(B) + 2y, Dy, (D],

by applying the operatorsl/ 3to the above sets we obtain:

Yox) =1,

y1(x) = X2 — 0.04199424454x /3,
y2(x) = 0.03272782533x /3,
y3(x) = 0.008024681284x /3,

v.(X) = 0.0009942270254 x /3,

There for the approximations to the solution ofagpn (4.10) will be determined as

y&X) = 2iZo¥i(®) = yo () + y1(X) +y2(X) +y3(x) +ya(x) + -

y(x) =1 +x% — 0:00024751090x /3,

Table 2, Figure 3 and 4 shown the numerical refidxample 4.2 .

Table 2: Indicate the amount of error in Example 42

Approximant Error

X exact = (MV IM) FE)F))/(HPM) of(HPM)
0.1 1.01 1.009988512 0.000011488
0.2 1.04 1.039971051 0.000028949
0.3 1.19 1.089950292 0.000049708
0.4 1.16 1.159927053 0.000072947
0.5 1.25 1.249901775 0.000098225
0.6 1.36 1.359874745 0.000125255
0.7 1.49 1.489846164 0.000153836
0.8 1.64 1.639816185 0.000183815
0.9 1.81 1.809784928 0.000215072

1 2.00 1.999752489 0.000247511
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Figure 4: Approximate solution of example 4.2
Example 4.3
Consider the following nonlinear fractional integtifferential equation:

81x/33T%/3)

D3 y(x) = P E— é + J, VxtIy®]? dt, (4.15)

with the initial conditioy(0) = 0and exact solutiogp(x) = x3 .

The solution according to(MVIM)

Now we take the operatdrz/son both sides of equation (4.14) we obtain:

81 ,(7/3\/§ r(%/3) N
28 i1 8

y(x) = y(0) — TPt y®(0%) X+ 175 + i VRIy®T2dv), (4.16)



Approximate Solution of Nonlinear Fractional Integro-Differential 37
Equations by He's Homotopy Perturbation Method andthe Modification of He'svariational Iteration Metho d

according to the original VIM (3.3) and corresparglthe recursive scheme (3.6) we obtain:

£(x) = fo(x) + fo(x) = I'/3 <§M - E) , (4.17)f(x)
28 n 8
= x3 - 0.1023508743 x /6,
by assuming
fo(x) =x3, f,(x) =—0.1023508743x /s, (4.18)

with starting of the initial approximationy, (x) = f,(x) = x3 ,we obtain:

Yo(x) = x3,

y,(x) = x3 — 0.1023508743 x /6 + L71[f,(%)], (4.19)
y1(x) = x3 — 0.1023508743 x /6 + I"/3(J' VX t[t*]*dt,

y1(x) = %3,

Vn+1(X) = 0.1023508743 x'/6 + Ly, =x3, n>1, (4.20)
in similarly view equation (4.18) it is obtaineg(x) = x*, where it is the exact solution of equation (4.10)

The solution according to (HPM)

/3BT
Day() = SrT LKy (LRt [y(H]2 dt, (4.15)

28 k1

According to (3.16) we construct the following hayy

D73y(x) = p (800 + fy VX tly(®)]*dt). (4.21)
Substituting (3.13) into (4.21),

p®: D73y,(x) =0,

pt: D73y;(x) = g + [] VX t[yp(D]?dt,

p%: DY3y,(x) = f) VX t[2y0(0) 2 (D]dt,

3. 2/ 1 2

P D73y; () = [ VX t [2y0(0y2(0) + (v (®) ] at,

p* D3y, ) = f) VX t[2y,(Dys(t) + 2y, (Dy; (D]dt,

by applying the operatorlsz/ 3to the above sets we obtain:

Yo(X) =0,

y,(x) = x3 — 0.1023508743 x /s,
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y2(x) =0,

y3(x) = 0.0775011686 x /s,

ya(x) =0,

Therefor the approximations to the solution of digua(4.14) will be determined as:
YO = T2y () = Yo(x) +y1(X) +y2(0) +y3(0) +ya () + -+,

y(x) == x* — 0.02520075744x /6 .

Table 3, Figure 5 and 6 shown the numerical refidkample 4.3
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Figure 5: Numerical Result of Example 4.3
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Figure 6: Approximate Solution of Example 4.3

Table 3 Indicate the amount of error in Example 4:3
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X exact = (MV IM) Approximant by(HPM) | Error of(HPM)
0.1 0.001 - 0.000716907618 | 0.00171690761¢
0.2 0.008 0.004145672716 0.003854327284
0.3 0.027 0.02081430658 0.00618569342
0.4 0.064 0.05534732781 0.00865267219
0.5 0.125 0.1137743388 0.0112256612
0.6 0.216 0.2021135878 0.0138864122
0.7 0.343 0.3263775651 0.0166224349
0.8 0.512 0.4925754077 0.0194245923
0.9 0.729 0.7067141165 0.0222858835

1 1.000 0.9747992426 0.0252007574

CONCLUSIONS

From the above result we find that the modificatidnHe' s variational iteration method (MVIM), ietter than

He s homotopy perturbation method (HPM), the resuititain by using Maple 16 .
REFERENCES

1. A. Gherbani, J. Saberi-Nadjafi, An effective mazhtion of HesVariational iteration method , Nowlar
Anlysis: Real World Applications, 10(2009), pp: 332833.

2. A. Rajabi, D.D. Ganiji, and H. Taherian, Applicatimfhomotopy Perturbation method to nonlinear heat
conduction and convection equations. PhysLetta, Bp0570-573, (2007).

3. B. Batiha, M.S. Noorani, and I. Hashim, Numericalusons of the nonlinear integro-differential etjoas.
Journal of open problems compt. Math, 1(1),pp:342008).

4. B.Ghazanfari, A.G.Veisi, HomotopyPeruvbation Method nonlinear fractionalintegro-differential eqigats ,
Aust.J.Basic.Appl.sci,pp: 5823-5829, Fi(2010)

5. D.Baleanu. Diethelm, K.Scalas, and J.J, calculus:Models and Numerical

method,wordscientifc, (2012).

Trujillo, radfional

6. H. Jaradat, O. AL.sayyed, and S. AL-shara, Numksiclution of nonlinear integro-differential equats. Journal
of mathematics and statistics,4(4), pp:250-254 8200

7. H. Saeedi, and F.Samimi, He's homotopy perturbatiethod for nonlinear ferdholmintegro-differentéuation
of fractional order, International Journal of Erggning Research and Applications, vol.2,Issuestessper-
october, pp:052-056, (2012).

8. H.Saeedi, F.Samimi, HesHomotopy perturbation metloochonlinear Fredholmintegrodi _erential equatafn
fractional order,International Journal of EnginagriResearch and Applications, vol.2, 1ssue 5, [@p0EB,
(2012).

9. I.Podlubuy, Fractional differential equation: Antrmduction to fractional derivatives, fractional uagjon, t,
methods of their solution and some of their Applmas , vol.198 of mathmatics in science and Erayimg,
Academic press,New York, USA, (1999).

Index Copernicus Value: 3.0 - Articles can be sertb editor@impactjournals.us




M.H.Saleh, D.Sh.Mohamed, M.H.Ahmed &A.K.Farhood |

10.

11.

12.

13.

14.

15.

16.

17.

18.

J.H. He, X.H.wu, Variational iteration method foutonomous ordinary differential systems, Appl. Math
comput,114, pp:115-123, (2000).

J.H.He, Variational iteration method: New developmand applications, Comput Math. Appl.doi:10.1016/
camwa.2006.12.083.

J.H.He, \Variational iteration method for delay difntial equations, Commun. Nonlinear Sci.
Numer.Simul.2(4),pp:235-236,(1997).

J.H.He, Some applications of nonlinear fractionddetential equations and Their approximations, IB&ci.
Techol, 15(12), p:86-90,(1999).

K.B.Oldibat,J.Spanier; The fractional calculus,Acte press, New York, (1974).

M.Kurulaly, A. Secer, Variational iteration methém solving nonlinear fractional integro-differealtiequations.

International Journal of Computer Science and Emgrgiechonologies,2, pp:18-20, (2011).
M.Rehman; Integral equations and their Applicati®iI -PRESS,UK, (2007).
R.D.Herrman; Fractional calculus AN introductiom fihysicists, word scientific publishing Co.pte (#D11).

S.Miller, Kenneth; An introduction to the fractidr@alculas and fractional differential equationhddniley and
sons, INC, New York, (1993).

Index Copernicus Value: 3.0 - Articles can be sertb editor@impactjournals.us




